Introduction
Let f ∈ Z[x 1 , . . . , x n ] be a non-constant polynomial, and let p be a prime. Igusa's p-adic zeta function Z p f (s) is a meromorphic function on the complex plane that encodes the number of solutions of the congruence f ≡ 0 modulo powers p m of the prime p. Igusa's p-adic monodromy conjecture predicts in a precise way how the singularities of the complex hypersurface defined by the equation f = 0 influence the poles of Z p f (s) and thus the asymptotic behaviour of this number of solutions as m tends to infinity. The conjecture states that, when p is sufficiently large, poles of Z p f (s) should correspond to local monodromy eigenvalues of the polynomial map C n → C defined by f . We refer to Section 3 for a precise formulation. Starting in the mid-nineties, J. Denef and F. Loeser developed the theory of motivic integration, which had been introduced by M. Kontsevich in his famous lecture at Orsay in 1995. Denef and Loeser used this theory to construct a motivic object Z mot f (s) that interpolates the p-adic zeta functions Z p f (s) for p ≫ 0 and captures their geometric essence. This object is called the motivic zeta function of f . Denef and Loeser also formulated a motivic upgrade of the monodromy conjecture (Conjecture 4.6.2). Its precise relation with the p-adic monodromy conjecture is explained in Section 4.7.
The aim of this paper is to present a global version of Denef and Loeser's motivic zeta functions. Let X be a Calabi-Yau variety over a complete discretely valued field K (i.e., a smooth, proper and geometrically connected variety with trivial canonical sheaf). We'll define the motivic zeta function Z X (T ) of X. This is a formal power series with coeffients in a certain localized Grothendieck ring of varieties over the residue field k of K. We'll show that Z X (T ) has properties analogous to Denef and Loeser's zeta function, and we'll prove a global version of the motivic monodromy conjecture when X is an abelian variety, under a certain tameness condition on X (Theorem 5.5.1).
The link between Denef and Loeser's motivic zeta function Z mot f (s) and our global variant is an alternative interpretation of Z mot f (s) in terms of nonarchimedean geometry, due to J. Sebag and the second author [NS07] . This interpretation is based on the theory of motivic integration on rigid varieties developed by F. Loeser and J. Sebag [LS03] , which explains how one can associate a motivic volume to a gauge form on a smooth rigid variety over a complete discretely valued field. J. Sebag and the second author constructed the analytic Milnor fiber of a hypersurface singularity, a non-archimedean model for the classical Milnor
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1 fibration in the complex analytic setting. The analytic Milnor fiber is a smooth rigid variety over a field K of Laurent series. The motivic zeta function can be realized as a generating series whose coefficients are motivic volumes of a so-called Gelfand-Leray form on the analytic Milnor fiber over finite totally ramified extension of the base field K. This is explained in detail in Section 4.
This interpretation of the motivic zeta function admits a natural generalization to the global case, where we replace the analytic Milnor fiber by a Calabi-Yau variety X over a complete discretely valued field K and the Gelfand-Leray form by a suitably normalized gauge form ω on X. The zeta function Z X (T ) is studied in Section 5 when X is an abelian variety and in Section 6 in the general case. We raise the question whether there exists a relation between the poles of Z X (T ) and the monodromy eigenvalues of X as predicted by the monodromy conjecture in the case of hypersurface singularities (Question 6.4.2).
We studied motivic zeta functions of abelian varieties in detail in the papers [HN10a, HN10c, HN10d] . Section 5 gives an overview of the results and methods used in those papers. A powerful and central tool is the Néron model of an abelian K-variety A, which is the "minimal" extension of A to a smooth group scheme over R. The Néron model A of A comes equipped with much interesting structure, such as the Chevalley decomposition of the identity component of its special fiber, the Lie algebra Lie(A) and the component group Φ A . The key point in the study of Z A (T ) is to understand how these objects change under ramified extensions of K.
Our main result is Theorem 5.5.1, which states that if A is a tamely ramified abelian K-variety, then Z A (L −s ) is rational with a unique pole at s = c(A), where c(A) denotes Chai's base change conductor of A [Ch00] . Moreover, for every embedding of Q ℓ in C, the complex number exp(2πc(A)i) is an eigenvalue of the monodromy transformation on H g (A × K K t , Q ℓ ), where K t denotes a tame closure of K, and where g is the dimension of A. This shows that a global version of Denef and Loeser's motivic monodromy conjecture holds for tamely ramified abelian varieties.
The situation for general Calabi-Yau varieties is at the moment far less clear than in the abelian case. Our proofs for abelian varieties rely heavily on the theory of Néron models, and these methods do not extend to the general case. However, if we restrict ourselves to equal characteristic zero, there is still much that can be said, and we present some of our results under this assumption in Section 6.
A particular advantage in characteristic zero, and the basis for many applications, is that we can find an sncd-model of X, i.e., a regular proper R-model X whose special fiber X s is a divisor with strict normal crossings. We explain in Section 6 how the results in [NS07] yield an explicit expression for Z X (T ) in terms of the model X . This expression shows that Z X (T ) is rational, and yields a finite subset of Q that contains all the poles of Z X (L −s ). However, due to cancellations in the formula, it is often difficult to use this description to determine the precise set of poles.
The opposite of the largest pole of Z X (L −s ) turns out to be an interesting invariant of X, we call it the log canonical threshold lct(X) of X. It can be easily computed on the model X . We can show that lct(X) corresponds to a monodromy eigenvalue on the degree dim(X) cohomology of X. The value lct(X) is a global version of the log canonical threshold for complex hypersurface singularities, we explain the precise relationship in Section 6.3. Since we know that for an abelian K-variety A, the base change conductor c(A) is the unique pole of Z A (L −s ), we find that lct(A) = −c(A). This yields an interesting relation between the Néron model of A and the birational geometry of sncd-models of A. Our explicit expression for the zeta function allows to compute many other arithmetic invariants of A on an sncd-model, in particular the number of connected components of the Néron model. This generalizes the results that were known for elliptic curves. Conversely, we can use the zeta function to extend many interesting invariants of abelian K-varieties to arbitrary Calabi-Yau varieties.
2. Preliminaries 2.1. Notation. For every ring A, an A-variety is a reduced separated A-scheme of finite type. An algebraic group over a field F is a reduced group scheme of finite type over F . We denote by µ the profinite group scheme of roots of unity.
2.2. Local monodromy eigenvalues. Let k be a subfield of C, let X be a kvariety, and let
be a k-morphism. Let x be a point of X(C) such that f (x) = 0. We denote by X an the complex analytification of X × k C, by f an : X an → C the complex analytic map induced by f , and by X an s the zero locus of f an in X. We say that a complex number α is a local monodromy eigenvalue of f at x if there exists an integer j ≥ 0 such that α is an eigenvalue of the monodromy transformation on
If X is smooth at x, then the complex vector space R j ψ f an (C) x is isomorphic to the degree j singular cohomology space of the Milnor fiber of f an at the point x. If f is a polynomial in k[x 1 , . . . , x n ], then we can speak of local monodromy eigenvalues of f by considering f as a morphism A n k → A 1 k . 2.3. The Bernstein-Sato polynomial. Let k be a field of characteristic zero. Let X be a smooth irreducible k-variety of dimension n, endowed with a morphism
Denote by X s the fiber of f over the origin. For every closed point x of X s , we denote by k x the residue field at x and by b f,x (s) the Bernstein-Sato polynomial of the formal germ of
If h : Y → X is a morphism of smooth k-varieties and y is a closed point of Y such that x = h(y) and h isétale at x, then the faithfully flat local homomorphism O X,x → O Y,y satisfies the conditions in [MN91, §4.2]. It follows that b f,x (s) = b f •h,y (s). The same argument shows that b f,x (s) is invariant under arbitrary extensions of the base field k. If k = C, then Kashiwara has shown that the roots of b f,x (s) are rational numbers [Ka76] . By [Sa94] , they lie in the interval ] − n, 0[. Invoking the Lefschetz principle, we see that these properties hold for arbitrary k.
If k = C, then it was proven by Malgrange [Ma83] that, for every root α of the local Bernstein-Sato polynomial b f,x (s), the value exp(2πiα) is a local monodromy eigenvalue of f at some point of X an s . Moreover, if we allow x to vary in the zero locus of f , all local monodromy eigenvalues arise in this way. Since b f,x (s) is invariant under extension of the base field k, this property still holds over all subfields k of C.
By constructibility of the nearby cycles complex, the local monodromy eigenvalues of f form a finite set Eig(f ). Thus, as x runs through the set of closed points of X s , the polynomials b f,x (s) form a finite set, since they are all monic polynomials whose roots belong to the finite set of rational numbers α in [−n, 0[ such that exp(2πiα) lies in Eig(f ). We call the least common multiple of the polynomials b f,x (s) the Bernstein-Sato polynomial of f , and we denote it by b f (s). If X = A 3. P -adic and motivic zeta functions 3.1. The Poincaré series. Let f be an element of Z[x 1 , . . . , x n ] \ Z, for some integer n > 0, and let p be a prime number. For every integer m ≥ 0, we denote by S m the set of solutions of the congruence f ≡ 0 modulo p m+1 , i.e.,
We put N m = ♯S m .
Definition 3.1.1. The Poincaré series associated to f and p is the generating series
Example 3.1.2. If the closed subscheme X of A n Zp defined by the equation f = 0 is smooth over Z p , then the Poincaré series P (T ) is easy to compute. For every integer m ≥ 0, the set S m is the set of (Z/p m+1 Z)-valued points on X. Locally at every point, X admits anétale morphism to A n−1
Zp . The infinitesimal lifting criterion forétale morphisms implies that the map S m+1 → S m is surjective, and that every fiber has cardinality p n−1 . In this way, we find that
If X is not smooth over Z p , then the behaviour of the values N m is much harder to understand. The following conjecture was mentioned in [BS66] , Chapter 1, Section 5, Problem 9.
Conjecture 3.1.3. The Poincaré series P (T ) is rational, i.e., it belongs to the subring
3.2. The p-adic zeta function.
Definition 3.2.1. We denote by | · | p the p-adic absolute value on Q p . The p-adic zeta function of f is defined by
for every complex number s with ℜ(s) > 0.
The p-adic zeta function Z p f is an analytic function on the complex right half plane ℜ(s) > 0. It was introduced by Weil, and systematically studied by Igusa. It can be defined in a much more general set-up, starting from a p-adic field K, an analytic function f on K n , a Schwartz-Bruhat function Φ on K n and a character χ of O × K . Moreover, one can formulate analogous definitions over the archimedean local fields R and C. For a survey, we refer to [De91b] or [Ig00] .
We can write Z p f (s) as a power series in p −s , in the following way:
where v p denotes the p-adic valuation on Z p . Direct computation shows that, if we set
is related to the Poincaré series P (T ) by the formula
Thus the zeta function Z p f (s) contains exactly the same information as the Poincaré series P (T ), namely, the values N m for all m ≥ 0.
Example 3.2.2. In the set-up of Example 3.1.2, we have
is rational in the variable p −s . In particular, it admits a meromorphic continuation to C.
By (3.2), this gives an affirmative answer to Conjecture 3.1.3:
Corollary 3.2.4. The Poincaré series P (T ) is rational.
Igusa proved Theorem 3.2.3 by taking an embedded resolution of singularities for the zero locus of f in the p-adic manifold Z n p , and applying the change of variables formula for p-adic integrals to compute the p-adic zeta function locally on the resolution space. This essentially reduces the problem to the case where f is a monomial, in which case one can make explicit computations.
The poles of P (T ), or equivalently, Z 
By Denef's explicit formula for the p-adic zeta function in [De91a] , one can associate to every embedded resolution for f over Q a finite subset S of Q <0 such that S p ⊂ S for p ≫ 0. The set S is computed from the so-called numerical data of the resolution (in the notation of [De91a] , S is the set of values −ν i /N i with i in T ). In general, many of the elements in S are not poles of Z p f (s), due to cancellations in the formula for the zeta function. This phenomenon is related to the Monodromy Conjecture. (s) the motivic zeta function associated to f . They showed that it is rational over an appropriate ring of coefficients, and they conjectured that its poles correspond to roots of the BernsteinSato polynomial as in Conjecture 3.3.1. We will refer to this conjecture as the Motivic Monodromy Conjecture. It will be discussed in more detail in Section 4.6. For a survey on motivic integration and motivic zeta functions, and the precise relation with p-adic zeta functions, we refer to [Ni10a] .
Denef and Loeser defined the motivic zeta function by measuring spaces of the form
with m ≥ 0 and k a field of characteristic zero. In contrast with the p-adic case, the set (3.3) is no longer finite, because k((t)) is not a local field. Thus we cannot simply count points in (3.3). Instead, one shows that one can interpret (3.3) as the set of k-points on an algebraic Q-variety, and one uses the Grothendieck ring of varieties to measure the size of an algebraic variety (see Section 4.1).
In the following section, we will explain an alternative interpretation of the motivic zeta function, due to J. Sebag and the second author [NS07] [Ni09a], based on Loeser and Sebag's theory of motivic integration on non-archimedean analytic spaces [LS03] . This interpretation will eventually lead to the definition of the motivic zeta function of an abelian variety and, more generally, a Calabi-Yau variety over a complete discretely valued field.
Motivic integration on rigid varieties and the analytic Milnor fiber
4.1. The Grothendieck ring of varieties. Let F be a field. We denote by K 0 (Var F ) the Grothendieck ring of varieties over F . As an abelian group, K 0 (Var F ) is defined by the following presentation:
• generators: isomorphism classes [X] of separated F -schemes of finite type X, • relations: if X is a separated F -scheme of finite type and Y is a closed subscheme of X, then
These relations are called scissor relations.
By the scissor relations, one has [X] = [X red ] for every separated F -scheme of finite type X, where X red denotes the maximal reduced closed subscheme of X. We endow the group K 0 (Var F ) with the unique ring structure such that
for all F -varieties X and X ′ . The identity element for the multiplication is the class [Spec F ] of the point. We denote by L the class [A The scissor relations allow to cut an F -variety into subvarieties. For instance, we have
Since these are the only relations that we impose on the isomorphism classes of F -varieties, taking the class of a variety in the Grothendieck ring should be viewed as the most general way to measure the size of the variety. For technical reasons, we'll also need to consider the modified Grothendieck ring of
. This is the quotient of K 0 (Var F ) by the ideal I F generated by elements of the form [X] − [Y ] where X and Y are separated F -schemes of finite type such that there exists a finite, surjective, purely inseparable
If F has characteristic zero, then it is easily seen that I F is the zero ideal [NS10a, 3.11]. It is not known if I F is non-zero if F has positive characteristic. In particular, if F ′ is a non-trivial finite purely inseparable extension of F , it is not known whether [Spec
With slight abuse of notation, we'll again denote by L the class of A 4.2. Motivic integration on rigid varieties. Let R be a complete discrete valuation ring, with quotient field K and perfect residue field k. We fix an absolute value on K by assigning a value |π| ∈ ]0, 1[ to a uniformizer π of R. If R has equal characteristic, then we set
If X is a formal R-scheme of finite type, then we denote by X s = X × R k its special fiber (this is a k-scheme of finite type) and by X η its generic fiber (this is a quasi-compact and quasi-separated rigid K-variety; see [Ra74] or [BL93] ).
Definition 4.2.2. Let X be a rigid K-variety. A weak Néron model for X is a smooth formal R-scheme of finite type X, endowed with an open immersion
Note that, if X is separated, then X will be separated by [BL93, 4.7] . Proof. If R ′ is a finite unramified extension of R, with quotient field
A weak Néron model is far from unique, in general, as is illustrated by the following example. 
Let π be a uniformizer in R and K ′ a finite unramified extension of K. Then all
because |π| is the largest element in the value group |(K ′ ) * | = |K * | = |π| Z that is strictly smaller than one. It follows that B(0, 1 − ) is bounded, and that X = Spf R{u} is a weak Néron model for B(0, 1 − ) with respect to the open immersion
defined by x → π −1 u. This weak Néron model is not unique: one could also remark that all the unramified points in B(0, 1 − ) lie on the union of the circle |x(z)| = |π| and the closed disc B(0, |π| 2 ). In this way, we get a weak Néron model X ′ that is the disjoint union of Spf R{u} and Spf R{v, v −1 }. Note that X ′ can be obtained by blowing up X at the origin of X s and taking the R-smooth locus.
The open annulus
is not bounded, since K-points can lie arbitrarily close to zero.
Let X be a smooth rigid K-variety of pure dimension m, and assume that X admits a weak Néron model X. Let ω be a gauge form on X, i.e., a nowhere vanishing differential form of maximal degree. Then for every connected component C of X s , we can consider the order ord C ω of ω along C. It is the unique integer γ such that π −γ ω extends to a generator of Ω m X/R at the generic point of C. In geometric terms, it is the order of the zero or minus the order of the pole of the form ω along C.
Theorem-Definition 4.2.6 (Loeser-Sebag). Let X be a separated, smooth and bounded rigid K-variety of pure dimension m, and let X be a weak Néron model for X. Let ω be a gauge form on X. Then the expression
only depends on (X, ω), and not on the choice of weak Néron model X. We call it the motivic integral or motivic volume of ω on X.
Proof. This is a slight generalization of the result in [LS03, 4.3.1]. A proof can be found in [HN10c, 2.3] .
In this way, we can measure the space of unramified points on a bounded separated smooth rigid K-variety X with respect to a motivic measure defined by a gauge form ω on X. Intuitively, one can view the set of unramified points on X as a family of open balls parameterized by the special fiber of a weak Néron model. The gauge form ω renormalizes the volume of each ball in such a way that the total volume of the family is independent of the chosen model. We refer to [NS10b] for more background and further results.
4.3. The algebraic case. One can also define the notion of weak Néron model in the algebraic setting. Let K s be a separable closure of K. Denote by R sh the strict henselization of R in K s , and by K sh its quotient field. The residue field k s of R sh is a separable closure of k.
Definition 4.3.1. Let X be a smooth algebraic K-variety. A weak Néron model is a smooth R-variety X endowed with an isomorphism
is a bijection.
Note that any k s -point on X s lifts to an R sh -point on X, because X is smooth and R sh is henselian. Thus X s is empty if and only if X(K sh ) is empty. Proposition 4.3.3. Let X be a smooth algebraic K-variety. Then X admits a weak Néron model X iff the rigid analytification X rig admits a weak Néron model, i.e., iff X rig is bounded. In that case, the formal m-adic completion of X is a weak Néron model for X rig .
Proof. This follows from [Ni10d, 3.15, 4.3 and 4.9].
In particular, if X is proper over K, then X rig is quasi-compact, so that X admits a weak Néron model.
If X is a smooth K-variety with weak Néron model X, and ω is a gauge form on X, then one can define the order ord C ω of ω along a connected component C of X s exactly as in the formal-rigid case.
Definition 4.3.4. Let X be a smooth algebraic K-variety of pure dimension such that the rigid analytification X rig of X is bounded. Let ω be a gauge form on X, and denote by ω rig the induced gauge form on X rig . Then we set
By Proposition 4.3.3, the motivic integral of ω on X can also be computed on a weak Néron model of X: Proposition 4.3.5. Let X be a smooth algebraic K-variety of pure dimension m, and assume that X admits a weak Néron model X. For every gauge form ω on X, we have
The analytic Milnor fiber. Let k be any field, and set R = k[[t]] and K = k((t)). We fix a t-adic absolute value on K by choosing a value |t| ∈ ]0, 1[. Let X be a k-variety, endowed with a flat morphism
. Let x be a closed point of the special fiber X s = f −1 (0) of f . Taking the completion of f at the point x, we obtain a morphism of formal schemes
We consider the generic fiber F x of f x in the sense of Berthelot [Bert96] . This is a separated rigid variety over the non-archimedean field K. It is bounded, by [NS08, 5.8 ]. If f is generically smooth (e.g., if k has characteristic zero and X \ X s is regular) then F x is smooth over K.
Definition 4.4.1. We call F x the analytic Milnor fiber of f at the point x.
Note that the construction of the analytic Milnor fiber is a non-archimedean analog of the definition of the classical Milnor fibration in complex singularity theory. For an explicit dictionary, see [NS10b, 6 .1].
Example 4.4.2. Assume that x is k-rational and that X is smooth over k at x. By [EGA4a, 19.6 .4], there exists an isomorphism of k-algebras
where n is the dimension of X at x. Viewing f as an element of k[[x 1 , . . . , x n ]], it defines an analytic function on the open unit polydisc
The analytic Milnor fiber F x is the closed subvariety of B n (0, 1 − ) defined by the equation f = t. Note that, for every finite unramified extension K ′ of K, the K ′ -points on F x are all contained in the closed polydisc
by the same argument as in Example 4.2.5. This shows that F x is bounded.
The following result follows immediately from [Berk96, 1.3 and 3.5].
Theorem 4.4.3 (Berkovich) . Assume that k is algebraically closed. Let ℓ be a prime invertible in k, and denote by K s a separable closure of K. Then for every
In the left hand side of (4.4), we take Berkovich'sétale cohomology for Kanalytic spaces [Berk93] . In the right hand side, Rψ f (Q ℓ ) denotes the complex of etale ℓ-adic nearby cycles associated to f . If k = C, then by Deligne's comparison theorem [SGA7b, Exp.XIV], there exists a canonical isomorphism
where f an : X an → C is the complex analytification of f and ψ f an is the complex analytic nearby cycles functor. Under this isomorphism, the action of the canonical generator of
This means that we can read the local monodromy eigenvalues of f an at x from theétale cohomology of the analytic Milnor fiber. The following proposition shows that the analytic Milnor fiber F x completely determines the formal germ f x of f at x, if X is normal at x. We denote by O(F x ) the K-algebra of analytic functions on F x . 
There is an interesting relation between the Berkovich topology on F x and the limit mixed Hodge structure on the nearby cohomology of f at x; see [Ni10c] .
4.5. The Gelfand-Leray form. We keep the notations of Section 4.4, and we assume that k has characteristic zero and that X is smooth over k at the point x. Replacing X by an open neighbourhood of x, we can assume that f is smooth on X o = X \ X s , of relative dimension m, and that Ω m+1 X o /k is free, i.e., that X admits a gauge form φ. Then the exact complex
4.6. The motivic zeta function and the motivic monodromy conjecture. We keep the notations of Section 4.4. We assume that k has characteristic zero, and that X is smooth at x, of dimension n. For simplicity, we suppose that x is k-rational. Let φ be a gauge form on some open neighbourhood of x in X, and consider the Gelfand-Leray form φ/df on F x constructed in Section 4.5. We set ω = t · φ/df . This is a gauge form on F x . For every integer d > 0, we set
). This is a totally ramified extension of K of degree d. We set Theorem 4.6.1 (Nicaise-Sebag). We have
Proof. Note that, for every d in N, we have
Thus the theorem is a reformulation of [Ni09a, 9.7], which is a consequence of the comparison theorem in [NS07, 9.10].
The proof of Theorem 4.6.1 is based on an explicit construction of weak Néron models for the rigid varieties F x (d), starting from an embedded resolution of singularities for (X, X s ). In this way, one obtains an explicit formula for the right hand side in (4.5) in terms of such a resolution, and one can compare this expression to the formula for Z f,x (T ) obtained by Denef and Loeser [DL01, 3.3.1]. This formula implies in particular that Z f,x [T ] is contained in the subring
If the residue field k x of x is not k, one can adapt the construction as follows. Since k has characteristic zero, k x is a separable extension of k so that the morphism f x from (4.3) factors through a morphism
by [EGA4a, 19.6 .2]. In this way, we can view F x as a rigid variety over K x = k x ((t)). Since K x is separable over K, the natural morphism Ω Conjecture 4.6.2 (Motivic Monodromy Conjecture). Assume that k is a subfield of C. There exists a finite subset S of Z <0 × Z >0 such that Z f,x (T ) belongs to the subring
, and such that for every couple (a, b) in S , the quotient a/b is a root of the Bernstein-Sato polynomial b f (s) of f . In particular, there exists a point y of X(C) such that f (y) = 0 and such that exp(2πia/b) is a local monodromy eigenvalue of f at the point y.
Remark 4.6.3. One can drop the condition that k is a subfield of C by using ℓ-adic nearby cycles to define the notion of local monodromy eigenvalue. This does not yield a more general conjecture, since by the Lefschetz principle, one can always reduce to the case where k is a subfield of C.
One needs to be careful when speaking about poles of the zeta function, since M kx is not a domain. A precise definition is given in [RV03] . The formulation in Conjecture 4.6.2 implies that, for any reasonable definition of pole in this context, the poles of Z f,x (L −s ) are of the form a/b, with (a, b) ∈ S . With some additional work, one can define the order of a pole [RV03] , and conjecture that the order of a pole of Z f,x (L −s ) is at most the multiplicity of the corresponding root of b f (s).
4.7.
Relation with the p-adic monodromy conjecture. Let us explain the precise relation between Conjectures 4.6.2 and 3.3.1. In [DL01, 3.2.1], Denef and Loeser define the motivic zeta function Z f (T ) (there denoted by Z(T )) associated to the morphism f . It carries more structure than we've considered so far: it is a formal power series with coefficients in the equivariant Grothendieck ring of X svarieties M µ Xs . The elements of this ring are virtual classes of X s -varieties that carry an action of the profinite group scheme µ of roots of unity. The X s -structure allows to consider various "motivic Schwartz-Bruhat functions" and the µ-action allows to twist the motivic zeta function by "motivic characters", like in the p-adic case; see [DL98] . The motivic zeta function that we've alluded to in Section 3.4 corresponds to the trivial character; it is the "naïve" motivic zeta function from [DL01, 3.2.1]. If k = Q and X = A n k , then for p ≫ 0, we can specialize the naïve motivic zeta function of f to the p-adic one, by counting rational points on the reductions of the coefficients modulo p. This is explained in [Ni10a, §5.3].
The local zeta function Z f,x (T ) that we've considered above is obtained from Z f (T ) by applying the morphism M µ Xs → M kx (base change to x and forgetting the µ-structure) to the coefficients of Z f (T ). In an unpublished manuscript, the second author has shown that it is possible to recover the µ-structure on Z f,x (T ) by considering the Galois action on the extensions K(d) of K.
One can formulate Conjecture 4.6.2 for Z f (T ) instead of Z f,x (T ), as follows:
Conjecture 4.7.1 (Motivic Monodromy Conjecture II). Assume that k is a subfield of C. There exists a finite subset S of Z <0 × Z >0 such that Z f (T ) belongs to the subring
This conjecture implies
(1) Conjecture 4.6.2, since we can specialize Z f (T ) to Z f,x (T ) by taking fibers at x and forgetting the µ-structure, (2) Conjecture 3.3.1, because Z f (T ) can be specialized to the p-adic zeta function, (3) more generally, the p-adic monodromy conjecture for zeta functions that are twisted by characters [DL98, §2.4]. Various weaker reformulations of Conjecture 4.7.1 have appeared in the literature (e.g. in [DL98, §2.4]). The formulation we use seems to be part of general folklore. We attribute it to Denef and Loeser.
5. The motivic zeta function of an abelian variety 5.1. Some notation. Let R be a complete discrete valuation ring with maximal ideal m, fraction field K and algebraically closed residue field k. We denote by p the characteristic exponent of k, and by N ′ the set of strictly positive integers that are prime to p. We fix a prime ℓ = p and a separable closure
It is obtained by joining a d-th root of a uniformizer to K. The extension K(d)/K is Galois, with Galois group µ d (k).
The union of the fields K(d) is a subfield of K s , called the tame closure K t of K. The Galois group G(K t /K) is called the tame inertia group of K. It is canonically isomorphic to the procyclic group
where the elements in N ′ are ordered by divisibility and the transition morphisms in the projective system are given by
for all d, e in N ′ . We call every topological generator of G(K t /K) a tame monodromy operator. The Galois group P = G(K s /K t ) is a pro-p-group which is called the wild inertia subgroup of G(K s /K). We have a short exact sequence
5.2. Néron models and semi-abelian reduction. Let A be an abelian Kvariety of dimension g. It is not always possible to extend A to an abelian scheme over R. However, there exists a canonical way to extend A to a smooth commutative group scheme over R, the so-called Néron model of A.
Definition 5.2.1. A Néron model of A is a smooth R-scheme of finite type A, endowed with an isomorphism
such that the natural map
is a bijection for every smooth R-scheme T .
Thus A is the minimal smooth R-model of A. The existence of a Néron model was first proved by A. Néron [Ne64] . For a modern scheme-theoretic treatment of the theory and an accessible proof of Néron's theorem, we refer to [BLR90] . The universal property of the Néron model implies that the Néron model A is unique up to unique isomorphism, and that the K-group structure on A extends uniquely to a commutative R-group structure on A. Taking for T the spectrum of a finite unramified extension of R, we see that A is also a weak Néron model for A.
The special fiber A s := A × R k is a smooth commutative algebraic k-group. We denote by A o s the identity component of A s , i.e., the connected component containing the identity point for the group structure. The quotient Φ A := A s /A o s is called the component group. It is a finiteétale group scheme over k whose group of k-points corresponds bijectively to the the set of connected components of A s . Since k is assumed to be algebraically closed, we will not distinguish between the group scheme Φ A and the abstract group Φ A (k).
The identity component A o s fits into a canonical short exact sequence of algebraic k-groups, the Chevalley decomposition,
where B is an abelian variety, T is a torus and U is a unipotent group commonly referred to as the unipotent radical of A o s . We call the dimension of T the toric rank of A, and the dimension of U the unipotent rank of A. 
Inside our fixed separable closure K s of K, there exists a unique minimal extension L with this property, and it is Galois over K. By [SGA7a, IX.3.8], L is the fixed field of the subgroup of G(K s /K) consisting of the elements that act unipotently on the ℓ-adic Tate module T ℓ A of A. If L is a tame extension of K then we say that A is tamely ramified. Since the P -action on T ℓ A factors through a finite quotient of P [LO85, p.3], A is tamely ramified if and only if P acts trivially on T ℓ A. In that case, P acts trivially on the ℓ-adic cohomology of A, and the natural morphism
is an isomorphism for every i in N. 
is an injective homomorphism of free R ′ -modules of rank g, so that coker(Lie(h)) is an R ′ -module of finite length. The rational number
is independent of the choice of K ′ . The importance of the Semi-Stable Reduction Theorem lies in the fact that, if A has semi-abelian reduction, then h is an open immersion, so that it induces an isomorphism between the identity components of A × R R ′ and A ′ [SGA7a, IX.3.3] (the number of connected components of A might still change, though; this will be discussed below). Thus c(A) vanishes if A has semi-abelian reduction. Conversely, if c(A) = 0 then h must beétale, and the fact that h restricts to an isomorphism between the generic fibers then implies that h is an open immersion. Thus c(A) is zero if and only if A has semi-abelian reduction.
Another invariant that will be important for us is the toric rank of A × K K ′ . We call this value the potential toric rank of A, and denote it by t pot (A). Again, it is independent of the choice of K ′ . Moreover, it is the maximum of the toric ranks of the abelian varieties A × K K ′′ as K ′′ ranges over all the finite separable extensions of K. The potential toric rank is a measure for the potential degree of degeneration of A over the closed point of Spec R; it vanishes if and only if, after a finite separable extension of the base field K, the abelian variety A extends to an abelian scheme over R. In this case, we say that A has potential good reduction. If t pot (A) has the largest possible value, namely, the dimension of A, then we say that A has potential purely multiplicative reduction. Thus A has potential purely multiplicative reduction if and only if the identity component of A Definition 5.4.2. Let A be an abelian K-variety, and let ω be a distinguished gauge form on A. The order function of A is the function
This definition does not depend on the choice of distinguished gauge form, since multiplying ω with a unit in R does not affect the order of Definition 5.4.3. Let A be an abelian K-variety, and let ω be a distinguished gauge form on A. We define the motivic zeta function Z A (T ) of A as
The following proposition gives an interpretation of Z A (T ) in terms of the volumes of the "motivic Haar measures" |ω(d)|. 
Proof. We've already observed that every Néron model is also a weak Néron model. The gauge form ω is translation-invariant, so that
for every connected component C of A(d) s . Now the result follows immediately from the definition of the motivic integral, and the fact that
by the scissor relations in M k .
5.5. The monodromy conjecture. Now we come to the formulation of the main result of [HN10c] , which is a variant of Conjecture 3.3.3 for abelian varieties. For every integer d ≥ 0, we denote by Φ d (t) ∈ Z[t] the cyclotomic polynomial whose roots are the primitive d-th roots of unity. For every rational number q, we denote by τ (q) its order in the group Q/Z.
Theorem 5.5.1 (Monodromy conjecture for abelian varieties). Let A be a tamely ramified abelian variety of dimension g, and let σ be a tame monodromy operator in G(K t /K).
(1) The motivic zeta function Z A (T ) belongs to the subring
has a unique pole at s = c(A), of order t pot (A) + 1.
(2) The cyclotomic polynomial Φ τ (c(A)) (t) divides the characteristic polynomial of the tame monodromy operator σ on
We'll briefly sketch the main ideas of the proof. The first step is to refine the expression for the motivic zeta function, as follows. 
Proof. The first equality is simply the definition of the zeta function. 
Thus the study of Z A (T ) can be split up into the following subproblems: To control the behaviour of φ A (d) turned out to be rather involved, we treated this in the separate paper [HN10a] . There, we used rigid uniformization of A in the sense of [BX96] to reduce to the case of tori and abelian varieties with potential good reduction, where more explicit methods could be used to describe the change in the component groups under ramified base extensions. In this way, we obtained the following result.
that sends the class of a k-variety X to the ℓ-adic Euler characteristic
Since χ sends L to 1, the image of
induced by χ is equal to
Theorem 5.7.1. Let A be a tamely ramified abelian K-variety. For every d in N ′ , we have This result can be seen as a particular case of a more general theory that expresses a certain motivic measure for the number of rational points on a K-variety X in terms of the Galois action on the ℓ-adic cohomology of X; see [Ni09a, Ni10d, Ni10e] . 
Degenerations of Calabi-Yau varieties
We keep the notations from Section 5.1. To simplify the presentation, we assume that k has characteristic zero. Part of the theory below can be developed also in the case where k has positive characteristic; see [HN10b] . In particular, the definition of the zeta function remains valid. 6.1. Motivic zeta functions of Calabi-Yau varieties.
Definition 6.1.1. A Calabi-Yau variety over a field F is a smooth, proper, geometrically connected F -variety with trivial canonical sheaf.
For instance, every abelian variety is Calabi-Yau. By definition, every CalabiYau variety admits a gauge form. In the definition of a Calabi-Yau variety X, one often includes the additional condition that h i,0 (X) vanishes for 0 < i < dim X. We do not impose this condition.
Let X be a Calabi-Yau variety over K. We will now define the motivic zeta function Z X (T ) of X, in a way that generalizes our construction for abelian varieties. There is no canonical weak Néron model as in the abelian case, but we can generalize the expression for the zeta function in Proposition 5.4.4 in terms of the motivic volume of an appropriate gauge form on X. We first show how the notion of distinguished gauge form extends to Calabi-Yau varieties.
Proposition 6.1.2. Let X be a Calabi-Yau variety over K, and let ω be a gauge form on X. Then for every weak Néron model X of X, the value ord(X, ω) := min {ord C (ω) | C ∈ π 0 (X s )} ∈ Z ∪ {−∞} only depends on the pair (X, ω), and not on X. By convention, we set min ∅ = −∞.
Proof. Since every connected component of X s has the same dimension as X, the value ord(X, ω) is precisely minus the virtual dimension of the motivic integral
The virtual dimension of an element α in M k can be defined, for instance, as half of the degree of the Poincaré polynomial of α [Ni10d, §8].
Note that ord(X, ω) = −∞ if and only if X s is empty, i.e., if and only if X(K) is empty.
Definition 6.1.3. Let X be a Calabi-Yau variety over K. A distinguished gauge form on X is a gauge form ω such that ord(X, ω) = 0.
Thus, a distinguished gauge form on X extends to a relative differential form on every weak Néron model, in a "minimal" way. It is clear that X admits a distinguished gauge form iff X has a K-rational point, and that a distinguished gauge form is unique up to multiplication with a unit in R.
Definition 6.1.4. Let X be a Calabi-Yau variety over K, and assume that X has a K-rational point. Let ω be a distinguished gauge form on X. We define the motivic zeta function Z X (T ) of X by
This definition only depends on X, and not on the choice of distinguished gauge form ω, since multiplying ω with a unit in R does not affect the motivic integral of ω on X. It follows from Proposition 5.4.4 that, when X is an abelian variety, Definition 6.1.4 is equivalent to Definition 5.4.3.
By embedded resolution of singularities, we can find an sncd-model X for X, i.e., a regular proper R-model such that X s = i∈I N i E i is a divisor with strict normal crossings. For every i ∈ I, we define the order µ i = ord Ei ω of ω along E i as in [NS07, 6.8] . These values do not depend on the choice of distinguished gauge form ω. For every non-empty subset J of I, we set
These are locally closed subsets of X s , and we endow them with the induced reduced structure. As J runs through the set of non-empty subsets of I, the subvarieties E o J form a partition of X s .
It follows from [NS07, 7.7 ] that the motivic zeta function Z X (T ) can be expressed in the form
where E o J is a certain finiteétale cover of E J . By [Ni10e, 2.2.2], one can construct E o J as follows: set N J = gcd{N j | j ∈ J}, choose a uniformizer π in R, and denote by Y the normalization of
Then there is an isomorphism of
In particular, one sees from (6.1) that Z X (T ) is a rational function and that every pole of Z X (L −s ) is of the form s = −µ i /N i for some i ∈ I. Every irreducible component E i of the special fiber yields in this way a "candidate pole" −µ i /N i of the zeta function. Since the expression in (6.1) is independent of the chosen normal crossings model X , one expects in general that not all of these candidate poles are actual poles of Z X (T ). But even candidate poles that appear in every model will not always be actual poles. To explain this phenomenon, we will propose in Section 6.4 a version of the Monodromy Conjecture for Calabi-Yau varieties.
Example 6.1.5. If X is an elliptic curve, then X admits a unique minimal regular model with strict normal crossings X . It is not the case that all irreducible components of X s give actual poles of the motivic zeta function. This can be seen by combining Theorem 5.5.1 with the Kodaira-Néron classification.
6.2. Log canonical threshold. Let X be a Calabi-Yau K-variety such that X(K) = ∅. From the formula in (6.1), we see that the poles of Z X (L −s ) form a finite subset of Q. It turns out that the largest pole of Z X (T ) is an interesting invariant for X, which can be read off from the numerical data associated to any sncd-model of X.
Choose a regular proper R-model X of X such that X s is a strict normal crossings divisor X s = i∈I N i E i and define the values µ i , i ∈ I as in Section 6.1. We put
Definition 6.2.1. We call lct(X) the log canonical threshold of X, and δ(X) the degeneracy index of X.
The following theorem shows that these values do not depend on the chosen model X . Theorem 6.2.2. Let X be a Calabi-Yau variety with X(K) = ∅.
(1) The value s = −lct(X) is the largest pole of the motivic zeta function Z X (L −s ), and its order equals δ(X) + 1. In particular, lct(X) and δ(X) are independent of the model X . For every integer d > 0, we have
(2) Assume moreover that K = C((t)) and that X admits a projective model Y over the ring C{t} of germs of analytic functions at the origin of the complex plane. If we put α = lct(X), then exp(−2πiα) is an eigenvalue of the action of the semi-simple part of monodromy on
where m = dim(X). In particular, for every embedding of Q ℓ in C, exp(−2πiα) is an eigenvalue of every tame monodromy operator σ on
In part (2) of Theorem 6.2.2 above, H m (Y ∞ , C) denotes the limit cohomology at t = 0 associated to any projective model for Y over a small open disc around the origin of C. It carries a natural mixed Hodge structure [St76, Na87] , and F
• denotes the Hodge filtration. Note that K t = K s since k has characteristic zero. Comparing Theorem 5.5.1 and Theorem 6.2.2, we find:
Corollary 6.2.3. If A is an abelian K-variety, then lct(A) = −c(A) and δ(A) = t pot (A).
The degeneracy index of a Calabi-Yau variety X over K is a measure for the potential degree of degeneration of X over the closed point of Spec R. If A is an abelian variety, then by Corollary 6.2.3, the degeneracy index δ(A) is zero if and only if A has potential good reduction, and δ(A) reaches its maximal value dim(A) if and only if A has potential purely multiplicative reduction.
Looking at the expression for the zeta function of an abelian variety in Proposition 5.5.2, one sees that the zeta function of an abelian variety encodes many other interesting invariants of the abelian variety, such as the order function ord A and the number of components φ A (d) for every d in N. Our motivic zeta function allows to generalize these invariants to Calabi-Yau varieties. Using the expression (6.1) for the zeta function in terms of an sncd-model, all these invariants can be explicitly computed on such a model. See [HN10b, §5] .
6.3.
Comparison with the case of a hypersurface singularity. Let us return for a moment to the set-up of Section 4.4, still assuming that k has characteristic zero. We can also apply Definition 6.2.1 to this situation, replacing X by the analytic Milnor fiber F x of f at x and taking for ω the gauge form t · φ/df on F x , where φ/df is a Gelfand-Leray form. In this way, we define the log-canonical threshold lct x (f ) of f at x and the degeneracy index δ x (f ) of f at x. One can deduce from [Ni09a, 7.30 ] that lct x (f ) coincides with the usual log-canonical threshold of f at x as it is defined in birational geometry. The results in Theorem 6.2.2 remain valid; in particular, using Theorem 4.6.1, we see that s = −lct x (f ) is the largest pole of the motivic zeta function Z f,x (L −s ) of f at x. We refer to [HN10b] for details.
6.4. Global Monodromy Property. In the light of our results for abelian varieties, it is natural to wonder if there is a relation between poles of Z X (T ) and monodromy eigenvalues for Calabi-Yau varieties X, similar to the one predicted by the motivic monodromy conjecture for hypersurface singularities (Conjecture 4.7.1).
Definition 6.4.1. Let X be a Calabi-Yau variety with X(K) = ∅, and let σ be a topological generator of G(K t /K) = G(K s /K). We say that X satisfies the Global Monodromy Property (GMP) if there exists a finite subset S of Z × Z >0 such that
and such that for each (a, b) ∈ S, the cyclotomic polynomial Φ τ (a/b) (t) divides the characteristic polynomial of the monodromy operator σ on H i (X × K K t , Q ℓ ) for some i ∈ N.
Recall that τ (a/b) denotes the order of a/b in Q/Z. By Theorem 5.5.1, every abelian K-variety satisfies the Global Monodromy Property. Question 6.4.2. Is there a natural condition on X that guarantees that X satisfies the Global Monodromy Property (GMP)?
We don't know any example of a Calabi-Yau variety over K that does not satisfy the GMP. We would like to mention some work in progress where we can show that the GMP holds for certain types of varieties "beyond" abelian varieties.
Semi-abelian varieties. As a direct generalization of abelian varieties, it is natural to consider semi-abelian varieties, i.e., algebraic K-groups that are extensions of abelian varieties by tori. Néron models exist also for semi-abelian varieties, we refer to [BLR90] and [HN10c] for more details (the Néron model we consider is the maximal quasi-compact open subgroup scheme of the Néron lf t-model from [BLR90] ). We have generalized Theorem 5.5.1 to tamely ramified semi-abelian Kvarieties, in arbitrary characteristic. The main complication is that one has to control the behaviour of the torsion part of the component group of the Néron lf t-model under ramified base change.
K3-surfaces. Let X be a Calabi-Yau variety over K that admits a K-rational point. To show that X satisfies the Global Monodromy Property, one strategy would be to consider a regular proper model X whose special fiber has strict normal crossings. In principle, using the expression in (6.1), one can then determine the poles of Z X (T ). The next step is to use A'Campo's formula (in the form of [Ni10e] ) to compute the monodromy zeta function of X on the model X (the monodromy zeta function is the alternate product of the characteristic polynomials of the monodromy action on the cohomology spaces of X). In this way, one tries to show that the poles of Z X (T ) correspond to monodromy eigenvalues. In practice, this kind of argumentation can be quite complicated. For one thing, when the dimension of X is greater than one, there is usually no distinguished sncd-model to work with, like the minimal sncd-model in the case of elliptic curves. And even when one has some more or less explicitly given model, the combinatorial and geometric complexity of the special fiber often make computations very hard: one needs to analyze the model in a very precise way to eliminate fake candidate poles and to find a sufficiently large list of monodromy eigenvalues. Worse, the monodromy zeta function might contain too little information to find all the necessary monodromy eigenvalues, due to cancellations in the alternate product.
There do however exist cases where this procedure leads to results. For instance, assume that X has dimension two and that it allows a triple-point-free degeneration. By this we mean that X has a proper regular model X /R where the special fiber X s is a strict normal crossings divisor such that three distinct irreducible components of X s never meet in one point. Such degenerate triple-point-free fibers have been classified by B. Crauder and D. Morrison [CM83] . In an ongoing project we use their classification to study the motivic zeta function of X, and we have been able to verify in almost all cases that the Global Monodromy Property holds.
